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Abstract. In this work, the quantum dot (QD) formation of InAs on
In0.5Ga0.5As/InP(001) has been studied theoretically using a hybrid approach.
The surface energies were calculated using density functional theory. For
elastic relaxation energies, continuum elasticity theory was applied. This hybrid
method, as already shown in the literature, takes into account the atomic structure
of the various facets of the QDs as well as the wetting layer. Our study deals
with the aspect of shape evolution of InAs QDs on a ternary substrate. It
shows how the island shape close to equilibrium evolves with varying volume
in InAs/In0.5Ga0.5As/InP(001) epitaxy. Overall, our study indicates that for this
system, there may exist two paths for island growth: one path involves an early
energetic stabilization of flat, hut-shaped islands with high-index facets (that
may persist due to kinetic limitations), whereas the other path involves islands
with larger height-to-base ratios that develop low-index facets. At large volumes,
the steeper but more compact islands tend to be energetically more favourable
compared to the elongated shapes.
5 Author to whom any correspondence should be addressed.
New Journal of Physics 11 (2009) 073018
1367-2630/09/073018+16$30.00 © IOP Publishing Ltd and Deutsche Physikalische Gesellschaft
2Contents
1. Introduction 2
2. Calculational method 4
3. Results and discussion 6
3.1. Shape evolution of InAs QDs . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
3.2. Stability analysis of hut-shaped islands . . . . . . . . . . . . . . . . . . . . . . 12





About two decades ago, spontaneous formation of dislocation-free islands was observed [1]–[3]
during the heteroepitaxial growth of strained films of semiconducting materials on lattice-
mismatched substrates. These islands, after being overgrown by a capping layer, can be
functionalized for the confinement of neutral or charged excitations, and have since been known
as quantum dots (QDs). While the islands, from an atomistic point of view, are three dimensional
and have a definite size and shape, the QDs are often considered as zero-dimensional systems in
semiconductor physics. This is because they confine charge carriers (electrons and/or holes) in
all three dimensions of space. Thus having discrete excitation spectra, they are sometimes also
called artificial atoms. The confined carriers give rise to novel interesting electronic and optical
properties of potential technological relevance. In order to understand and possibly tailor these
properties, it is necessary to know about, and control, their size and shape, the three-dimensional
composition profile and the strain distribution in the QDs. These structural properties are
influenced both by the first step of the growth procedure, the spontaneous formation of free-
standing islands on the substrate in Stranski–Krastanov growth mode, and by the second step,
overgrowth of these islands by the capping layer. The present study attempts to contribute to a
better understanding of the first step, the shape evolution of the free-standing islands, which is
a prerequisite for any further studies, e.g. of capping layer growth. The subject of island shape
and size evolution turned out to be of considerable interest both for applications, and for a more
fundamental understanding of heteroepitaxial growth. A number of studies have been devoted to
the thermodynamics [4]–[6] and kinetics [7] of island growth, and the field of island evolution
has been found to be rich in interesting physical phenomena. As examples, we refer to early
theoretical works [8]–[10] as well as experimental studies of island shape evolution [11]–[15].
On the basis of scanning tunnelling microscopy (STM) studies of free-standing islands of
Ge on Si (see e.g. [16]) and of InAs on GaAs (see e.g. [17]), a unified picture of shape evolution
has been suggested [18, 19]. In both cases, the experiments found evidence for an evolution from
small islands with shallow facets (pyramids) to large islands that display a variety of steeper
facets (domes). While the orientations of island side facets for InAs on In0.5Ga0.5As/InP(001)
are analogous to InAs/GaAs(001), the lattice mismatch 1a = (asubstrate − aisland)/aisland in the
InAs/In0.5Ga0.5As/InP(001) system (1a =−3.2%) is much smaller than that for InAs/GaAs
(1a =−6.7%), but similar to Ge/Si (1a =−3.8%). For the two heteroepitaxial systems with
moderate lattice mismatch, the occurrence of elongated islands has been reported for certain
growth conditions. For Ge/Si, these are the so-called hut clusters [2, 20] (islands with a
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3rectangular base area and a shallow inverted V-shaped roof of pitch of the {105} family),
while for InAs on InGaAs/InP, elongated QDs with shallow {136} or {137} facets and a
parallelogram-shaped base area have been observed experimentally [21]. In this paper, we
propose a general explanation for the occurrence of elongated islands at moderate lattice
mismatch, related to the dominant role of surface energy for small QD nuclei. We find this
explanation to be more satisfactory than previous ones [21] invoking the elastic energy gain due
to relaxation near island edges. Moreover, our study of growth of InAs on a ternary substrate, i.e.
In0.5Ga0.5As/InP(001), could help give the claimed generality [18] of shape evolution a broader
empirical basis.
As further motivation for our study, we refer to the technological interest in QD growth
in ternary compound semiconductor systems with moderate lattice mismatch. The growth of
InAs QDs has been reported on InGaAs/InP [22], InP [21], [23]–[25] and InGaAsP/InP [26].
These substrates allow the growth of larger and less strained QDs compared to the usual
GaAs substrate, with the further perspective of fabricating devices that emit light at the
wavelengths required for telecommunication. With the same goal, InAs QDs have been grown
on a metamorphic InGaAs buffer layer on GaAs that reduces the lattice mismatch. With this
growth technique, long-wavelength light emission [27] and lasing [28] at room temperature
have been demonstrated. To our knowledge, no material-specific theoretical study has been
presented for island evolution on ternary compound substrates so far. While the growth of
ternary materials is certainly more complex than elemental or binary semiconductor growth
and requires a materials-specific discussion of each system, the present work on InAs islands
on In0.5Ga0.5As could help give some general guiding principles for island evolution.
For our present work, we assume that the QDs consist of pure InAs, following a set of
previous studies in the literature [4, 29]. The experimental realization that comes closest to the
studied situation is the deposition of pure InAs on top of an InGaAs buffer layer grown on InP.
There is experimental [30, 31] as well as theoretical [32] evidence that indium atoms tend to
segregate to the surface in epitaxy of InxGa1−xAs. Due to the segregation layer, it is unlikely
that atomic exchange processes between In adatoms and the topmost substrate layers could lead
to intermixing of In with Ga atoms from the substrate. The situation is different from the growth
of InAs QDs on GaAs(001), where some interdiffusion of GaAs and InAs has been inferred
from the interpretation of x-ray diffraction data [33]. Another situation where large composition
gradients in QDs may arise is the simultaneous deposition of In and Ga atoms on GaAs(001)
in atomic-layer epitaxy [34]. Henceforth, the term intermixing refers to the phenomenon in
which Ga atoms from the substrate are incorporated at In lattice sites of both the wetting layer
and the QDs. Whenever an intermixed wetting layer is formed, the relief in elastic energy by
QD formation will be less than that for the case of a pure InAs wetting layer. Therefore, our
present calculations should be considered as an upper bound for elastic energy relief. While a
full theoretical treatment of intermixed QDs is beyond the scope of the present paper, we will
qualitatively discuss the effect of intermixing on QD shape evolution in the results section.
This paper is organized as follows: in the section on the calculational method, we
briefly explain the hybrid approach [4, 29] to calculate the stability of the islands. In the
section on results and discussion, we calculate the shapes of the islands for growth conditions
close to equilibrium. The shape evolution with increasing volume of the QDs is investigated.
Moreover, conditions for the stability of hut-shaped islands and of the existence of two growth
scenarios are discussed. We compare our results with the highly lattice-mismatched case of
InAs/GaAs(001) [29]. Finally, we summarize our results in the conclusion section.
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42. Calculational method
For the present study, we are mainly interested in the energy gain due to island formation in
heteroepitaxy, which is the driving force for the spontaneous formation of QDs. To calculate this
quantity, it is not feasible and even not necessary to compute the total energy of an entire QD at
the level of ab initio calculations, and hence a hybrid approach is the method of choice [4, 29].
The problem can be broken down into two steps as explained here. First, for InAs QDs, the InAs
surface energies for several surface orientations are computed within density functional theory
(DFT) [35] using knowledge about the atomistic surface structure. Then the elastic relaxation
energy of the system is calculated for the case of a low areal density of islands, within continuum
elasticity theory, applying the finite-element method (FEM). The total energy gain due to island
formation originates from the following terms: (i) strain relaxation in both the island and the
substrate and (ii) energy cost due to formation of the island’s facets and (iii) edges. Hence we
can define the total energy lowered due to island formation, Etot, as follows:
Etot = Erelax + Esurf + Eedge, (1)
in which the contributions are from (i) volume relaxation Erelax, (ii) surface formation Esurf and
(iii) edge formation Eedge. Erelax is the lowering of elastic deformation energy when the material
forms an inhomogeneously strained island surrounded by a wetting layer instead of one biaxially
strained wetting layer,
Erelax = E iselast − filmV < 0. (2)
It is obtained as the difference between the remaining elastic energy E iselast in the island relaxed
under the epitaxial constraint, and the elastic energy in an equivalent volume V of the uniformly
strained homogeneous wetting layer under the same epitaxial constraint, where film is the strain
energy per unit volume of the latter wetting layer. For a large enough QD containing thousands
of atoms, the continuum description of elasticity is sufficiently accurate to capture the elastic
energy originating from the lattice mismatch. In the present case, this mismatch is −3.2%, and
hence the error associated with a linear treatment of the elastic problem as compared to a fully
nonlinear treatment is estimated to be less than 5% (cf DFT calculations of biaxially strained
films in [36]). Both E iselast and film are obtained from linear elasticity theory, numerically for
the island using FEM, analytically for the film. The first-order elastic moduli for InAs and
In0.5Ga0.5As are taken from standard experimental literature [37]. The latter represent linear
interpolation between the elastic moduli of InAs and GaAs. Their values are c11 = 101.2 GPa,
c44 = 49.5 GPa and c12 = 50.0 GPa.
We consider the evolution of the dots as a function of volume through a certain sequence
of shapes. For each of these shapes, Erelax is calculated using FEM. The FEM calculations were
carried out using the commercial programme MARC [38]. Table 1 lists the elastic energy per
unit volume, erelax as defined in equation (4), for the different shapes considered in this work.
The surface energy Esurf is the cost in energy due to the creation of different facets on the
side of the InAs island. This term has been calculated by DFT [35] within the local-density
approximation [39] for the exchange-correlation-energy functional. The DFT calculations have
been performed with the fhi98md code [40] using norm-conserving pseudopotentials of Hamann
type, as described by Fuchs and Scheffler [41]. In the calculation of Esurf, we take into account
surface reconstructions for the various facets of the dots as well as for the wetting layer of InAs
on the substrate. The surface energies for reconstructed InAs surfaces of various orientations,
including their strain dependence, have already been calculated in [29] for InAs(137) and in [4]
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5Table 1. Coefficients in equation (5) for the InAs QDs shown in figures 2(a)
and (b).
Figure S0 SI1 SI2 SI3 SII1 SII2 SII3
erelax (meV Å−3) −0.377 −0.331 −0.330 −0.325 −0.394 −0.432 −0.455
esurf (meV Å−2) 36.9 30.5 30.4 32.6 37.3 44.1 49.0
eedge (meV Å) 287 235 228 231 501 479 469
for the low-index facets. We use these values in the present work. The explicit expression for
the term Esurf given below contains the difference between the sum of the surface energies of
all the side facets and the surface energy of the wetting layer, all weighted by their respective
areas,
Esurf =6iγ (i)((i))A(i)− γ (0)A(0). (3)
Here, γ (i)((i)) and A(i) are the (strain-dependent) surface energy per unit area and the surface
area for the i th facet of the QD. For strain dependence, the two principal components of
the strain tensor on the surface, averaged over each facet area, have been taken from the
finite-element calculations. For QD growth, moderately arsenic-rich conditions are typical. To
simulate such conditions, the arsenic chemical potential µAs has been taken as µAs(bulk)− 0.2 eV
as in [29]. A(0) denotes the QD base area and γ (0) is the surface energy per unit area of
the wetting layer, excluding the elastic energy contribution to the formation energy of the
wetting layer, which has been taken into account already by the term filmV in equation (2).
The value for γ (0), 38.38 meV Å−2, is obtained from additional DFT calculations for the film
formation energy of an epitaxial InAs film on In0.5Ga0.5As/InP(001) as a function of film
thickness 2 (number of InAs monolayers). We note that, while calculating γ (0) for the InAs
wetting layer on the In0.5Ga0.5As substrate, the lattice constant of the substrate is used; hence
the wetting layer is under strain. It is found that the DFT results can be well described by
a linear function of 2. Extrapolating this linear relationship to 2= 0 yields the required
value for γ (0). It includes the energetic contributions of both the interface between InAs and
In0.5Ga0.5As/InP and the free β2(2× 4)-reconstructed surface of the InAs film. First-principles
electronic structure calculations are the method of choice to obtain these contributions, since
they cannot be derived from a classical physics approach (e.g. continuum elasticity theory).
The linear dependence of film formation energy on film thickness 2 is a consequence of the
relatively small lattice mismatch of1a =−3.2% in the case of InAs on In0.5Ga0.5As/InP(001),
compared with 1a =−6.7% in the case of InAs on GaAs. Therefore, the nonlinear elastic
contributions to the surface and interface energy are found to be unimportant in the present
case, whereas a clearly nonlinear dependence was found for the InAs wetting layer on
GaAs(001) [6].
Finally, Eedge in equation (1) is the energy cost for the creation of edges in the island. An
exact treatment of this term would require knowledge of the atomic structure of the edges, and
hence is beyond the scope of the hybrid approach employed in this study. Instead, we use a
reasonable estimate for the size of the edge contribution. Such an approximative treatment is
acceptable, as the edge term is anyway unimportant for large islands (the ratio of edge length
to facet area tends to zero), while it allows us to have an improved description of intermediate
(not very small) islands whose evolution we want to study. Following Ng and Vanderbilt [42],
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The first term accounts for the formation energy of edges, including possible contributions due
to incomplete unit cells of the facet reconstructions in the presence of an edge. L (i) are the
lengths of the edges, and β(i) are the corresponding energies per unit length. Lacking more
detailed knowledge, we approximate all β(i) by 20 meV Å−1. The choice of this value is guided
by step energies on GaAs(001), for which values of 2 and 12 meV Å−1 have been derived from
experiment [43]. The second term accounts for the energy gain from additional elastic relaxation
near the edges forming the island base, due to the discontinuity of the surface stress, 1σ (i),
between the QD facets and the wetting layer. This term reflects the effect of surface stress
(which is not included in standard continuum elasticity theory) on strain fields in the island and
substrate. The distances of two parallel base edges, d (i), measured in multiples of the InAs lattice
constant aisland, and Young’s modulus of InAs, Y = 51.4 GPa, enter into this expression; see
[44, 45]. For a numerical estimate, we use a common value of 1σ = 50 meV Å−2, which
is typical for the differences of surface stress between different facets found in DFT
calculations [4]. This choice is reasonable, as a similar value of 1σ = 45 meV Å−2 has been
employed to estimate the stress discontinuity at the base of Ge islands on Si(001) [46].
The value of Etot is calculated once for a particular size of the QD (volume V ), as described
above. Then, using the following scaling law, we calculate the Etot for any size.
Etot/V = erelax + esurfV −1/3 + eedgeV −2/3, (5)
where erelax = Erelax/V − film < 0, esurf = Esurf/V 2/3 and eedge = Eedge/V 1/3. In the last term,
the weak logarithmic dependence on the width of the QD base in equation (4) has been
replaced by a constant to simplify the evaluation. Numerical values are provided in table 1.
Note that the values for eedge which are in the range of 230–500 meV Å−1 are of the same
order of magnitude as a previous estimate based on an atomistic model of a pyramidal QD,
eedge = 172 meV Å−1 [47]. For an isolated island to be stable, the total energy-lowered Etot
must be negative. This condition is fulfilled if the first term in equation (5) dominates over
the sum of the second and third ones. For comparing different materials systems, it is important
to note that erelax is proportional to the second power of the lattice mismatch. Hence the relative
importance of the first two terms in equation (5), having opposite sign, is different for InAs QDs
on In0.5Ga0.5As/InP substrate compared to GaAs substrate.
3. Results and discussion
3.1. Shape evolution of InAs QDs
This section deals with the change of shapes of InAs islands with the increase in size (volume),
specifically under conditions close to thermodynamic equilibrium. Experimentally, this can be
realized by using molecular beam epitaxy (MBE) at growth temperatures that are sufficiently
high, such that possible kinetic limitations are not crucial. Then the QD shape is governed by
the interplay between elastic energies and surface energies, and its stability can be calculated
from the hybrid approach.
In order to identify the main tendencies in island growth, we consider two growth scenarios
of how the islands could possibly evolve out of a starting structure. Each scenario is specified






Figure 1. Elongated InAs QD structure shown schematically in top view. The
symmetric rhombic base (full lines) is elongated into a parallelogram (thick
dashed lines). The thin dashed lines indicate the edges outside the basal plane.
For the numerical calculations, the structures in figures 2(a) and (b) have been
used.
by a sequence of island shapes. In constructing either sequence, it has been assumed that once
some material forms part of the QD, it is incorporated permanently and cannot be re-distributed
to augment the shape any further during growth. The starting structure has a flat pyramidal
shape with {137} side facets, as is observed in STM on InAs QDs on GaAs substrate [13, 29].
Atomic force microscopy and transmission electron microscopy experiments [21, 22] carried
out on InAs QDs grown on InGaAs/InP substrate find pyramids bounded by similar high-
index facets (labelled {136} facets in these works). Additional evidence for {137} orientation
has been provided from the analysis of chevrons in RHEED patterns [48]. Recently, the
ambiguity between the (very close) facet orientations {136} and {137} has been ascribed
to variations in growth rate and annealing temperature [49]. For {137} facets, a low-energy
surface reconstruction is known, in contrast to the {136} facets, where no structural model has
been proposed. Therefore {137} facets have been used to construct the starting shape (S0 in
figures 2(a) and (b)), together with small (1¯11) and (11¯1) facets that cut the sharp edges.
Experimental studies [21, 22, 25] have found that small islands formed by the growth
of InAs on InGaAs/InP often have an elongated shape. The island base has the shape of a
parallelogram (cf figure 1). Compared to a mirror symmetric, rhombic base, one pair of edges is
elongated. However, each of the two possibilities for the elongation direction occurs with equal
probability, arguing against crystallographic asymmetry as a possible explanation. Motivated by
these experimental findings, in growth scenario I it is assumed that the islands grow in length,
keeping the slope of their side facets constant. Alternatively, in growth scenario II , the islands
grow both in base area and in height, thereby developing steeper side facets, corresponding
to low-index surface orientations. This second scenario has been adopted from a previous
theoretical study on InAs/GaAs island evolution [29]. In the present work, the InAs islands
on InGaAs/InP(001) are investigated along similar lines to probe possible similarities in island
evolution on both substrates.
The elongated shapes characteristic of growth scenario I, constructed after taking a cue
from the literature [21, 22], are shown in figure 2(a) from top to bottom. The top-most starting
structure, S0, has already been described above. Here we assume that it initially grows by filling
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Figure 2. (a) Growth Scenario I: On top, pyramidal shape predominantly bound
by {137} facets (S0), followed by rhombus shape (SI1), further followed by
elongated dot structures, with (a) moderate (shape SI2) and (b) large elongation
(shape SI3). (b) Growth Scenario II: Sequence of shapes considered in searching
for energetically stable shapes as a function of volume. On top, pyramidal shape
predominantly bound by {137} facets (S0). In shapes SII1 through SII3, low-
index facets start appearing in the mid part of the dots. These shapes show the
diminishing area of the {137} facet at the top. For further details, see text and
also [29]. (c) Details of the microfacets of shape SII2.
up the cut edges. The dot shapes developing in this way, named after their base areas, are the
rhombus dot (SI1 in figure 2(a)) and the parallelogram dots (SI2 and SI3 in figure 2(a)) [22].
The difference between SI2 and SI3 is the extent of elongation of the base, which is larger in
the latter case. The elongated structures are completely bounded by side facets from the {137}
high-index family.
The non-elongated structures considered in growth scenario II, having C2v symmetry, are
shown in figure 2(b). This growth scenario has a sequence of shapes that runs from simple
pyramids to complex domes with higher aspect ratios (from 0.20 for S0 to 0.22 for SII1, 0.25

















Figure 3. Energy gain per volume for the formation of QDs of different shapes,
as shown in figure 2, as a function of dot volume up to 3500 nm3. The moderately
elongated structure SI2 (cf figure 2(a)) is signified by the solid line with the
filled diamond symbol; the largely elongated structure SI3 (cf figure 2(a)) is
signified by the solid line with the cross symbol; shape SI1 (cf figure 2(a)) is
signified by the long dashed line with the empty triangle up symbol; shape S0
(cf figure 2(a)) is signified by the solid line with the empty circle symbol; shape
SII1 (cf figure 2(b)) is signified by the dot-dashed line.
for SII2 and 0.29 for SII3). This is achieved by continuously adding more and more of the steep
(011), (101), (01¯1) and (1¯01) facets between the upper and lower part of the island (see structure
SII2 in figure 2(c) for details of the facets). The proposed shape of the domes, with {137} facets
in both their lower and upper parts, is consistent with the thermodynamic requirement that
whenever shallow facets with low surface energy appear as part of the equilibrium shape, they
must appear at both the top and the bottom of the QDs [50]. A similar sequence of shapes has
been employed to analyse the growth of InAs QDs on GaAs, guided by STM data [29].
The results of our calculations using the hybrid approach are presented in figures 3 and 4,
where the energy gain per volume for the formation of QDs of different shapes is given as a
function of QD volume, for a small and a large volume range, respectively. The energetically
most favourable shape changes with increase in the QD volume. Figure 3 addresses the regime
of small QD nuclei. For a volume up to about 1000 nm3, the energy balance expressed by Etot/V
is positive for all the shapes considered (figures 2(a) and (b)). The positive value indicates that
these nuclei are only metastable compared to a homogeneous wetting layer. We find a range of
volumes (up to about 2700 nm3) where the moderately elongated dot (cf SI2 in figure 2(a)) is
energetically the most stable shape. This is because the surface contribution, Esurf/V , tends to
New Journal of Physics 11 (2009) 073018 (http://www.njp.org/)
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Figure 4. Energy gain per volume for the formation of QDs of different shapes,
as shown in figure 2, as a function of dot volume, for larger volume, up to
12 500 nm3. Shapes S0, SI2 and SII1 are signified by the same line and symbols,
as in figure 3. Shapes SII2 and SII3 (cf figure 2(b)) are signified by the dashed
line with the filled square symbol and the solid line with the empty triangle down
symbol, respectively. It is observed that different shapes are being stabilized
with increasing volume. The elongated shape SI2 is stabilized at lower volumes.
Shapes SII1 and SII2 are the stable shapes in the typical experimental volume
range.
lower the total energy in case of the elongated structure, since the surface-to-volume ratio for an
elongated dot structure is more favourable, as will be explained in section 3.2. It is interesting
to observe that up to about 3000 nm3 volume, the energy gain for the rhombus dots (SI1) is
very close to the elongated structure SI2. (The two curves are indistinguishable in figure 3.)
Beyond that volume, the energy gain of the former is higher, but their energies are still very
close. This observation conforms with the experimental findings by Michon et al [21] and
Hwang et al [22]. They observe that the QDs mostly look elongated, as is observed in case of
some III–V QD systems [22, 51]. Some QDs of rhombus shape, similar to SI1, are also present
in these experiments. Hence it is the growth scenario I proposed in figure 2(a) that matches with
the experimental results of Michon et al [21] and Hwang et al [22].
In figure 4, we display the results of the higher volume regime. Beyond a volume of about
2700 nm3, flat pyramid-type islands (SII1 in figure 2(b)), mainly bounded by {137} facets but
already with some {011} microfacets present (see, for reference, shape SII2 in figure 2(c) for
identification of these microfacets), energetically overcome the elongated shape, as already
evident in figure 3. After the volume of the growing QD has reached about 5000 nm3, the shape
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gradually changes from SII1 to SII2 (figure 2(b)), i.e. the low-index facets now make up a larger
fraction of the total island surface. Above a volume of about 10 000 nm3, another shape (SII3
in figure 2(b)) appears to be most stable. A fully developed dome shape, i.e. the shrinking of
the shallow {137} facets at the top of the QD, as has been observed in the case of InAs QDs
on GaAs substrate [29], is found to be not energetically preferable according to our analysis in
case of InAs/InGaAs/InP, even in the large volume limit. Based on MBE growth experiments
of III–V QDs at high temperatures, Saito et al [12] pointed out that rather symmetric shapes
are preferred under these conditions. This observation is consistent with growth scenario II
shown in figure 2(b), where the evolution runs through symmetric shapes with an increasing
fraction of low-index, high-symmetry facets. In further support of growth scenario II, we should
mention that the signature of parallelogram dots undergoing a shape transition to dots with
higher-symmetry facets has been observed by Hwang et al [22], as some of their parallelogram
dots display a small fraction of {011} facets.
In summary, our calculations suggest that the growth of InAs QDs on InGaAs initially
proceeds along growth scenario I, i.e. by elongation of the islands, but may later switch to
growth scenario II. It appears plausible that, for large volumes, the islands will start to grow in
height and develop steeper side facets, as this allows for the upper part of the island to relax its
elastic energy more efficiently. Given that the relief of strain energy is the main driving force
for the evolution of large islands, symmetric islands will eventually be energetically favoured
over elongated ones, since a compact, symmetric shape allows a maximum of strain energy
relief while keeping the concomitant increase of the surface area minimal. We note that a
switching from growth scenario I to growth scenario II very likely requires the re-distribution
of material that has already been incorporated in an (elongated) island, which is possible only at
sufficiently high temperatures. Whether the switching actually occurs or not may thus depend
on growth conditions, in particular, on the closeness to thermodynamic equilibrium. It needs
to be mentioned here that both Michon et al [21] and Hwang et al [22] grow their samples
using metal-organic vapour deposition (MOCVD), a technique where the concentration of
surface species is typically rather far from thermodynamic equilibrium conditions. Hence it
is conceivable that islands obtained by this growth technique may have taken the following
path. Once initial energetic stabilization of the elongated structures has taken place, growth
proceeds by filling preferentially the smaller of the side facets, driving the islands to even
more elongated shapes, even beyond the point where these shapes are energetically most stable.
Such an amplification of a pre-existing asymmetry due to kinetic limitations has already been
suggested to explain the occurrence of elongated hut clusters in Ge/Si epitaxy [20, 52].
We briefly discuss the changes to be expected if intermixing of In and Ga species occurs in
the wetting layer and in the interior and basal parts of the QDs [33]. As InAs has lower surface
energy than GaAs, both the QD surface and the wetting layer surface will be very indium-rich
due to surface segregation, and hence our estimate of the surface energy contribution will be
practically unchanged also in case of bulk intermixing. However, if intermixing is accounted for,
the system starts already in a less strained state before QD formation, and the energy gain |erelax|
will be smaller. In fact, erelax scales as 1a2, where 1a is the relative lattice mismatch between
pure InAs and the average lattice constant of the intermixed wetting layer material (as calculated
e.g. from Vegard’s law). This implies that the asymptotic values of E/V approached by the
curves in figures 3 and 4 for large volumes V will be smaller (less negative) under conditions
where intermixing is important. With the plausible assumption that intermixing (which mainly
takes place in the basal regions of the QD) is equally important for all shapes, the cross-over
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between growth scenario I and scenario II will take place at even larger QD volumes in the case
of intermixed systems.
3.2. Stability analysis of hut-shaped islands
It is remarkable that elongated QDs have been reported for Ge/Si(001) and InAs/
In0.5Ga0.5As/InP, i.e. materials systems with moderate lattice mismatch, but not for a highly
mismatched system such as InAs/GaAs. In order to understand the reason for the difference,
it is interesting to further analyse the stability criteria of elongated islands within the
framework of the hybrid approach. For both materials systems, the occurrence of hut-shaped
islands is closely related to the existence of a high-index facet with low surface energy.
For InAs, the (137) surface has a low surface energy, as demonstrated by recent DFT
calculations [29]. For Ge on Si(001), a similar role is played by the {105} facets of Ge
[53, 54]. Since hut-shaped islands with these facet orientations are rather shallow, their ability to
relieve strain is very limited. In addition, the coefficient erelax is proportional to the square of the
lattice mismatch. For both reasons, the second term is found to dominate over the first term in
equation (5) at low QD volumes, where the QDs are metastable compared to the wetting layer.
As we shall explain below, some elongation of the islands is energetically favourable under
these conditions encountered in low-mismatch systems.
To be specific, let us consider the island in figure 1 with base lengths a and a + b of the two
edges. The elongation is described by the parameter x = b/a, which is zero for symmetrical
islands and positive otherwise. The larger of the two angles enclosed by the base edges is
called ψ . For the Ge/Si hut clusters with rectangular base, ψ = 90◦, while ψ = 126.86◦ for
InAs islands with {137} facets. The facet angle φ is defined as the angle between the normal
vectors of the QD side facet and the substrate plane. It is φ = 11.31◦ for the {105} facets
of GeSi islands, and φ = 24.31◦ for the {137} facets of InAs islands. In equation (3), we
have A(0) = a(a + b)sinψ , and four side facets with an overall area A(1) = a(a + b)sinψ/cosφ.
Hence, we obtain
Esurf = a2(1 + x)(γ (1)/ cosφ− γ (0)) sinψ. (6)
Inserting the DFT values of the surface energy, γ (0) = 38.4 meV Å−2 and γ (1) = 39.5 meV Å−2,
yields Esurf = 4.0 a2(1 + x)meV Å−2 for the specific case of InAs islands on In0.5Ga0.5As/InP.
The volume of such an island is calculated to be V = 16a3(1 + 32 x) sin2 ψ tanφ. Thus, the second
term in equation (5), Esurf/V , is proportional to (1 + x)/(1 + 32 x), i.e. it is a decreasing function
of x . Since the surface energy term is positive, a finite x helps to lower the total energy cost (per
unit volume or per particle) associated with QD formation. For small, shallow islands, the elastic
relaxation energy, i.e. the first term in equation (5), is smaller than the two other contributions,
and only weakly dependent on the elongation parameter x . In the case of InAs/In0.5Ga0.5As/InP,
while for the symmetric island SI1 (in figure 2(a)) we obtain erelax =−0.331 meV Å−3, for the
two elongated islands displayed in figure 2(a) (SI2, SI3) our FEM calculation yields values of
erelax =−0.330 meV Å−3 and −0.325 meV Å−3, respectively. Thus, the elastic energy is found
to be a weakly increasing function of x . We note that our conclusions remain true also in the case
of intermixing, as the elastic energy term will be smaller (and even less dependent on x) due
to the reduced average lattice mismatch in intermixed systems. The edge energy contribution
is the smallest of the three terms in equation (5), showing the same trend as the surface
contribution, and does not affect the conclusions. The most favourable island shape is eventually
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determined by a balance between the energy gain from elastic relaxation and the energy cost
of forming the side facets and edges. For small islands, the surface term acts in favour of some
elongation, whereas for larger islands, the elastic relaxation energy becomes more important,
and hence compact, symmetrical islands with x = 0 become the energetically preferable island
shape.
Our finding that the tendency to form elongated QDs is mainly a result of savings
in the energetic cost of forming side facets contrasts the proposed explanation of Michon
et al [21], who invoked elastic contributions. Their argument follows an idea originally
worked out by Tersoff and Tromp [8], who showed that elastic energy relaxation at a flat,
quasi-two-dimensional island of constant height favours elongation. In the work of Michon
et al [21], constrained minimization of the total energy (rather than Etot/V , as in our study)
with respect to one of the lateral dimensions of the island leads to an energy-minimizing
elongated shape. However, the authors remark that the elongated QDs do not correspond to
an absolute minimum of the energy and therefore the anisotropy of the QD shape would not
result from a full minimization of the energy of the system without any constraint. In their
approach, minimizing the energy with respect to all dimensions leads to an optimal shape that
is symmetric [21], consistent with our results for large islands whose shape is dominated by
strain relief.
3.3. Comparison with other materials systems
According to our results, the optimum shape of the QDs depends on their size. Hence it
is important to know which QD sizes are achieved experimentally. The maximum size is
determined by the onset of dislocation formation. Beyond this size, part of the strain energy
relief is inelastic, and the present theory is no longer applicable. In this subsection, we compare
the size and shape of the QDs for InAs/GaAs, InAs/InGaAs/InP and Ge/Si for the ranges
of volumes observed experimentally. Free-standing InAs QDs grown on GaAs are reported
with a volume of up to 1000 nm3, and the QDs in this volume range are observed to have a
fully developed dome shape [29]. Experimental reports about the volume range of InAs QDs
on InGaAs or InP are rather scarce. Michon et al [21] speak about volumes between 600
and 3000 nm3. Parry et al [25] report an average lateral dimension of about 50–60 nm and a
maximum height of about 4 nm, which results in a volume larger than 6000 nm3. For GeSi
QD on Si(001), a system with similar lattice mismatch, the QD volume is reported [55] to
be at least 1000 nm3. For the Ge/Si system, large QDs with volumes up to about 10 000 nm3
have been reported by Costantini et al [19]. Hence, for the typical experimental volume range
of the InAs/InGaAs/InP QDs, from about 1000 nm3 to about 10 000 nm3, shapes SI1 and SI2
shown in figure 2(a) and shapes SII1 and SII2 shown in figure 2(b) are expected to be stable
according to this study. The extremely large volume required to observe the transition to
shape SII3 of figure 2(b) predicted from the present calculations is unlikely to be reached in
practical experiments. Similarly, shape SI3 of figure 2(a) is not expected to be observed
experimentally.
We have discussed in great detail in [29] the shape evolution for InAs QDs on GaAs
substrate. From what we have presented here, it is clear that the results in the cases of two
substrates, namely GaAs and InGaAs, are quite different. Unlike the InAs/GaAs system, but
similar to Ge/Si, we observe the possibility of the formation of elongated islands on the latter
substrate.
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4. Conclusion
The observation of elongated QDs for InAs on In0.5Ga0.5As or InP substrates, but not for InAs
QDs on GaAs, calls for a theoretical explanation. In the present work, we probe the shape
evolution as a function of QD volume in the case of InAs QDs on the In0.5Ga0.5As/InP(001)
substrate and have conjectured about the existence of two growth scenarios. A hybrid approach
has been used for this study, where the elastic energy change associated with QD formation is
calculated using elasticity theory, while the surface energies of the QD facets are taken from
DFT calculations using the atomic structure of these surfaces as input. For small QDs, the
calculations show that somewhat elongated QDs are more stable than the more symmetric ones.
Under growth conditions away from equilibrium, this anisotropy may be amplified due to kinetic
limitations during growth, and experimental observations of the elongated, asymmetric dots,
grown by MOCVD, can be explained thus. Close to thermodynamic equilibrium and at larger
volumes (beyond 2700 nm3), however, non-elongated islands are expected to be energetically
favourable over elongated ones. While the present study deals with energetics alone, and thus
cannot help identify the precise nature of the kinetic limitations in growth, it corroborates the
prevailing view in the literature that some element of kinetics must be involved in the appearance
of elongated QDs (also called hut clusters) in moderately mismatched heteroepitaxy. Moreover,
the implications of intermixing of In and Ga in the QDs for the above findings are briefly
discussed.
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